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SYMMETRY p-ADIC INVARIANT INTEGRAL ON
Zp FOR BERNOULLI AND EULER POLYNOMIALS
Taekyun Kim
Abstract. The main purpose of this paper is to investigate several further interesting
properties of symmetry for the p-adic invariant integrals on Zp. From these symmetry ,
we can derive many interesting recurrence identities for Bernoulli and Euler polynomials.
Finally we introduce the new concept of symmetry of fermionic p-adic invariant integral
on Zp. By using this symmetry of fermionic p-adic invariant integral on Zp, we will give
some relations of symmetry between the power sum polynomials and Euler numbers.
The relation between the q-Bernoulli polynomials and q-Dedekind type sums which
discussed in [ Y. Simsek, q-Dedekind type sums related to q-zeta function and basic
L-series, J. Math. Anal. Appl.318(2006), 333-351] can be also derived by using the
properties of symmetry of fermionic p-adic integral on Zp.
§1. Introduction
Let p be a fixed prime. Throughout this paper Zp, Qp, C, and Cp will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the
complex number field, and the completion of algebraic closure of Qp. For x ∈ Cp, we
use the notation [x]q =
1−qx
1−q , cf. [1-6]. The Carlitz’s q-Bernoulli numbers βk,q can be
determined inductively by
β0,q = 1, q(qβ + 1)
k − βk,q =
{
1 if k = 1
0 if k > 1,
with the usual convention of replacing βi by βi,q(see [2, 3, 24, 25]).
We say that f is a uniformly differentiable function at a point a ∈ Zp and denote
this property by f ∈ UD(Zp), if the difference quotients Ff (x, y) =
f(x)− f(y)
x− y
have
a limit l = f ′(a) as (x, y)→ (a, a). For f ∈ UD(Zp), let us start with the expression
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1[pN ]q
∑
0≤j<pN
qjf(j) =
∑
0≤j<pN
f(j)µq(j + p
NZp),
representing a q-analogue of Riemann sums for f , cf. [8-14]. The integral of f on
Zp will be defined as limit (n → ∞) of those sums, when it exists. The q-deformed
bosonic p-adic integral of the function f ∈ UD(Zp) is defined by
(1) Iq(f) =
∫
Zp
f(x)dµq(x) = lim
N→∞
1
[dpN ]q
∑
0≤x<dpN
f(x)qx, see [8].
From(1) we note that
(2) I1(f) = lim
q→1
Iq(f) =
∫
Zp
f(x)dx = lim
N→∞
1
pN
pN−1∑
x=0
f(x).
In [8], it was shown that the Carlitz’s q-Bernoulli numbers can be represented by
p-adic q-integral on Zp as follows:∫
Zp
[x]mq dµq(x) = βm,q, m ∈ Z+.
Thus we have limq→1
∫
Zp
[x]nq dµq(x) =
∫
Zp
xndx = Bn, where Bn are the n-th ordinary
Bernoulli numbers. In the recent the p-adic invariant integral on Zp are studied by
several researchers in the area of number theory and mathematical physics (see [1-25]).
In [23], by using q-Volkenborn integral(=p-adic invariant integral on Zp), Y. Simsek
constructed new generating functions of the new twisted (h,q)-Bernoulli polynomials
and numbers. By applying the Mellin transformation to these generating functions, he
also obtain integral representations of the new twisted (h,q)-zeta function and twisted
(h,q)-L-function, which interpolate the twisted (h,q)-Bernoulli numbers and general-
ized twisted (h,q)-Bernoulli numbers at non-positive integers, respectively. The main
purpose of this paper is to investigate several further interesting properties of sym-
metry for the p-adic invariant integrals on Zp. From these symmetry , we can derive
many interesting recurrence identities for Bernoulli and Euler polynomials. Finally
we introduce the new concept of symmetry of fermionic p-adic invariant integral on
Zp. By using this symmetry of fermionic p-adic invariant integral on Zp, we will give
some relations of symmetry between the power sum polynomials and Euler numbers.
The relation between the q-Bernoulli polynomials and q-Dedekind type sums which
discussed in [25] can be also derived by using the properties of symmetry of fermionic
p-adic integral on Zp
§2. Symmetry p-adic invariant integral on Zp
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In this section we assume that q ∈ Cp with |1− q|p < 1. By (2), we easily see that
(3)
∫
Zp
f(x+ 1)dx =
∫
Zp
f(x)dx+ f ′(0), where f ′(0) =
df(x)
dx
|x=0.
Let a be an integer. From (3) we derive
(4)
∫
Zp
eatxdx =
∞∑
n=0
Bn
antn
n!
,
where Bn are the n-th ordinary Bernoulli numbers. Let Bn(x) be the n-th Bernoulli
polynomials. Then we have
(5)
∞∑
n=0
Bn(x)
n!
antn =
∫
Zp
e(ay+x)tdy =
∞∑
n=0
∫
Zp
(ay + x)ndy
tn
n!
.
By (4) and (5), we see that
∞∑
n=0
Bn(x)
antn
n!
=
(
∞∑
n=0
xn
n!
tn
)(
∞∑
k=0
akBk
tk
k!
)
=
∞∑
n=0
(
n∑
k=0
(
n
k
)
Bka
kxn−k
)
tn
n!
.
Thus, we have
Bn(x) =
n∑
k=0
(
n
k
)
Bk(
x
a
)n−k.
From the iterative method, we derive
(6)
∫
Zp
f(x+ n)dx =
∫
Zp
f(x)dx+
n−1∑
i=0
f ′(i), where n ∈ N and f ′(i) =
df(x)
dx
|x=i.
By (6), we have
(7)
1
t
(∫
Zp
e(n+x)tdx−
∫
Zp
extdx
)
=
n−1∑
i=0
eit =
∞∑
k=0
(
n−1∑
i=0
ik
)
tk
k!
.
It is easy to show that
(8)
1
t
(∫
Zp
e(n+x)tdx−
∫
Zp
extdx
)
=
n
∫
Zp
extdx∫
Zp
enxtdx
.
For each integer k ≥ 0, let Sk(n) = 0
k+1k+ · · ·+nk. It is known that Sk(n) is called
the sums of powers of consecutive integers. From (7) and (8), we note that
(9)
1
t
(∫
Zp
e(n+x)tdx−
∫
Zp
extdx
)
=
n
∫
Zp
extdx∫
Zp
enxtdx
=
∞∑
k=0
Sk(n− 1)
tk
k!
.
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In (9), we note that
(10)
∫
Zp
(n+ x)kdx−
∫
Zp
xkdx = kSk−1(n− 1), k ∈ N .
The Eq.(10) is equivalent to the following Eq.(11).
(11)
(Bk(n)−Bk)
k
= Sk−1(n− 1) =
n−1∑
l=0
lk−1,where n, k ∈ N.
Let w1, w2 ∈ N. Then we easily see that
(12)
∫
Zp
∫
Zp
e(w1x1+w2x2)tdx1dx2∫
Zp
ew1w2xtdx
=
t(ew1w2t − 1)
(ew1t − 1)(ew2t − 1)
.
Now we also consider the following double p-adic invariant integral on Zp as follows:
(13) I =
∫
Zp
∫
Zp
e(w1x1+w2x2+w1w2x)tdx1dx2∫
Zp
ew1w2x3tdx3
=
tew1w2xt(ew1w2t − 1)
(ew1t − 1)(ew2t − 1)
.
From (7) and(8) we note that
(14)
w1
∫
Zp
extdx∫
Zp
ew1xtdx
=
∞∑
l=0
(
w1−1∑
k=0
kl
)
tl
l!
=
∞∑
l=0
Sl(w1 − 1)
tl
l!
.
In (13) it is easy to show that
(15) I =
(
1
w1
∫
Zp
ew1(x1+w2x)tdx1
)(
w1
∫
Zp
ew2x2tdx2∫
Zp
ew1w2xtdx
)
.
From (5), (14) and (15), we can derive the following (16).
(16)
I =
1
w1
(
∞∑
i=0
Bi(w2x)
wi1t
i
i!
)(
∞∑
l=0
Sl(w1 − 1)
wl2t
l
l!
)
=
∞∑
n=0
(
n∑
i=0
Bi(w2x)Sn−i(w1 − 1)w
i−1
1 w
n−i
2
)
tn
=
∞∑
n=0
(
n∑
i=0
(
n
i
)
Bi(w2x)Sn−i(w1 − 1)w
i−1
1 w
n−i
2
)
tn
n!
.
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By the symmetry of p-adic invariant integral on Zp, we also see that
(17)
I =
(
1
w2
∫
Zp
ew2(x2+w1x)tdx2
)(
w2
∫
Zp
ew1x1tdx1∫
Zp
ew1w2xtdx
)
=
1
w2
(
∞∑
i=0
Bi(w1x)
wi2t
i
i!
)(
∞∑
l=0
Sl(w2 − 1)
wl1t
l
l!
)
=
∞∑
n=0
(
n∑
i=0
(
n
i
)
Bi(w1x)Sn−i(w2 − 1)w
i−1
2 w
n−i
1
)
tn
n!
.
By comparing the coefficients on the both sides of (16) and (17), we obtain the
following theorem and corollary:
Theorem 1. For all w1, w2 ∈ N, we have
(
1
w1
∫
Zp
ew1(x1+w2x)tdx1
)(
w1
∫
Zp
ew2x2tdx2∫
Zp
ew1w2xtdx
)
=
(
1
w2
∫
Zp
ew2(x2+w1x)tdx2
)(
w2
∫
Zp
ew1x1tdx1∫
Zp
ew1w2xtdx
.
)
Corollary 2. For n ≥ 0, we have
n∑
i=0
(
n
i
)
Bi(w2x)Sn−i(w1 − 1)w
i−1
1 w
n−i
2 =
n∑
i=0
(
n
i
)
Bi(w1x)Sn−i(w2 − 1)w
i−1
2 w
n−i
1 ,
where
(
n
i
)
is the binomial coefficients.
If we take w2 = 1 in Corollary 2, then we have
Bn(w1x) =
n∑
i=0
wi−11
(
n
i
)
Bi(x)Sn−i(w1 − 1).
Thus, we can derive the formula of Deeba-Rodriguez as follows ( see [26, 27]):
Bn =
1
w1(1− wn1 )
n−1∑
k=0
wk1
(
n
k
)
BkSn−k(w1 − 1).
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By (5), (7) and (8), we see that
(18)
I =
(
ew1w2xt
w1
∫
Zp
ew1x1tdx1
)(
w1
∫
Zp
ew2x2tdx2∫
Zp
ew1w2xtdx
)
=
(
ew1w2xt
w1
∫
Zp
ew1x1tdx1
)(
w1−1∑
i=0
ew2it
)
=
(
1
w1
∫
Zp
ew1x1tdx1
)(
w1−1∑
i=0
e
(w2x+
w2
w1
i)w1t
)
=
1
w1
w1−1∑
i=0
∫
Zp
e
(x1+w2x+
w2
w1
i)tw1dx1 =
∞∑
n=0
(
w1−1∑
i=0
Bn(w2x+
w2
w1
i)wn−11
)
tn
n!
.
On the other hand, we obtain the following equation by the symmetry of p-adic
invariant integral on Zp as follows:
(18-1)
I =
(
ew1w2xt
w2
∫
Zp
ew2x2tdx2
)(
w2
∫
Zp
ew1x1tdx1∫
Zp
ew1w2xtdx
)
=
(
1
w2
∫
Zp
ew2x2tdx2
)(
w2−1∑
i=0
e
(w1x+
w1
w2
i)w2t
)
=
1
w2
w2−1∑
i=0
∫
Zp
e
(x2+w1x+
w1
w2
i)tw2dx2 =
∞∑
n=0
(
w2−1∑
i=0
Bn(w1x+
w1
w2
i)wn−12
)
tn
n!
.
Therefore we obtain the following symmetry for the p-adic invariant integral on Zp
as follows:
Theorem 3. For w1, w2 ∈ N, we have
1
w1
w1−1∑
i=0
∫
Zp
e
(x1+w2x+
w2
w1
i)tw1dx1 =
1
w2
w2−1∑
i=0
∫
Zp
e
(x2+w1x+
w1
w2
i)tw2dx2.
By (18) and (18-1), we obtain the following corollary:
Corollary 4. For n ≥ 0, we have
w1−1∑
i=0
Bn(w2x+
w2
w1
i)wn−11 =
w2−1∑
i=0
Bn(w1x+
w1
w2
i)wn−12 .
Remark. Setting w2 = 1 in Corollary 4, we get the multiplication theorem for the
Bernoulli polynomials as follows (see [26, 27]):
Bn(w1x) = w
n−1
1
w1−1∑
i=0
Bn(x+
i
w1
).
6
§3. Symmetry fermionic p-adic invariant integral on Zp
In this section we assume that p is a fixed odd prime number. For f ∈ UD(Zp),
the fermionic p-adic q-integral is defined as
(19) I−q(f) =
∫
Zp
f(x)dµ−q(x) = lim
N→∞
1 + q
1 + qpN
pN−1∑
x=0
f(x)(−q)x, see([10 ] ).
Now we consider the fermionic p-adic invariant integral on Zp as
(20) I−1(f) = lim
q→1
I−q(f) =
∫
Zp
f(x)dµ−1(x).
From (20) we can derive the equation of fermionic p-adic invariant integral on Zp as
follows:
(21)
∫
Zp
f(x+ 1)dµ−1(x) = −
∫
Zp
f(x)dµ−1(x) + 2f(0).
From (21), we also note that
(22)∫
Zp
f(x+ n)dµ−1(x) + (−1)
n−1
∫
Zp
f(x)dµ−1(x) = 2
n−1∑
l=0
(−1)n−1−lf(l), for n ∈ N .
If we take n(= odd) ∈ N in (22), then we have
(23)
∫
Zp
f(x+ n)dµ−1(x) +
∫
Zp
f(x)dµ−1(x) = 2
n−1∑
l=0
(−1)lf(l).
By using (23), we obtain the following equation:
(24)
∫
Zp
e(x+n)tdµ−1(x) +
∫
Zp
extdµ−1(x) = 2
n−1∑
l=0
(−1)lelt.
Let Tk(n) =
∑n
l=0(−1)
llk. Then Tk(n) is called by the the alternating sums of powers
consecutive integers. From the definition of the fermionic p-adic invariant integral on
Zp, it is not difficult to show that
(25)
∫
Zp
e(x+n)tdµ−1(x) +
∫
Zp
extdµ−1(x) =
2
∫
Zp
extdµ−1(x)∫
Zp
enxtdµ−1(x)
.
In (25), we note that ∫
Zp
enxtdµ−1(x) =
2
ent + 1
.
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Let w1, w2(∈ N) be odd. By using double fermionic p-adic invariant integral on Zp,
we have the the following:
∫
Zp
∫
Zp
e(w1x1+w2x2)tdµ−1(x1)dµ−1(x2)∫
Zp
ew1w2xtdµ−1(x)
=
2(ew1w2t + 1)
(ew1t + 1)(ew2t + 1)
.
Now, we also consider the following fermionic p-adic invariant integral on Zp associ-
ated with Euler polynomials.
(26) I∗ =
∫
Zp
∫
Zp
e(w1x1+w2x2+w1w2x)tdµ−1(x1)dµ−1(x2)∫
Zp
ew1w2xtdµ−1(x)
=
2ew1w2xt(ew1w2t + 1)
(ew1t + 1)(ew2t + 1)
.
From (24) and (25), we note that
(27)
2
∫
Zp
extdµ−1(x)∫
Zp
ew1xtdµ−1(x)
= 2
w1−1∑
l=0
(−1)lelt = 2
∞∑
k=0
w1−1∑
l=0
(−1)llk
tk
k!
= 2
∞∑
k=0
Tk(w1−1)
tk
k!
.
By (26) and (27) we see that
(28)
I∗ =
(
1
2
∫
Zp
ew1(x1+w2x)tdµ−1(x1)
)(
2
∫
Zp
ew2x2tdµ−1(x2)∫
Zp
ew1w2xtdµ−1(x)
)
=
1
2
(
∞∑
i=0
Ei(w2x)
wi1
i!
ti
)(
2
∞∑
l=0
Tl(w1 − 1)
wl2t
l
l!
)
=
∞∑
n=0
(
n∑
i=0
(
n
i
)
Ei(w2x)Tn−i(w1 − 1)w
i
1w
n−i
2
)
tn
n!
,
where En(x) are the n-th ordinary Euler polynomials.
On the other hand,
(29)
I∗ =
(
1
2
∫
Zp
ew2(x2+w1x)tdµ−1(x2)
)(
2
∫
Zp
ew1x1tdµ−1(x1)∫
Zp
ew1w2xtdµ−1(x)
)
=
1
2
(
∞∑
i=0
Ei(w1x)
wi2
i!
ti
)(
2
∞∑
l=0
Tl(w2 − 1)
wl1t
l
l!
)
=
∞∑
n=0
(
n∑
i=0
(
n
i
)
Ei(w1x)Tn−i(w2 − 1)w
i
2w
n−i
1
)
tn
n!
.
By comparing the coefficients on both sides of (28) and (29), we obtain the following
theorem.
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Theorem 5. Let w1, w2(∈ N) be odd and let n ≥ 0. Then we have
n∑
i=0
(
n
i
)
Ei(w2x)Tn−i(w1 − 1)w
i
1w
n−i
2 =
n∑
i=0
(
n
i
)
Ei(w1x)Tn−i(w2 − 1)w
i
2w
n−i
1 ,
where En(x) are the n-th ordinary Euler polynomials.
Remark. Setting x = 0 in Theorem 5 we obtain
n∑
i=0
(
n
i
)
EiTn−i(w1 − 1)w
i
1w
n−i
2 =
n∑
i=0
(
n
i
)
EiTn−i(w2 − 1)w
i
2w
n−i
1 ,
where En are the n-th ordinary Euler numbers. If we take w2 = 1 in Theorem 5, then
we have
(30) En(w1x) =
n∑
i=0
(
n
i
)
Ei(x)Tn−i(w1 − 1)w
i
1.
Setting x = 0 in (30) we obtain the following corollary.
Corollary 6. Let w1(∈ N) be odd and let n ∈ N. Then we have
En =
(
1
1− wn1
) n−1∑
i=0
(
n
i
)
EiTn−i(w1 − 1)w
i
1.
From (27), we note that
(31)
I∗ =
(
ew1w2xt
2
∫
Zp
ew1x1tdµ−1(x1)
)(
2
∫
Zp
ew2x2tdµ−1(x2)∫
Zp
ew1w2xtdµ−1(x)
)
=
(
ew1w2xt
2
∫
Zp
ew1x1tdµ−1(x1)
)(
2
w1−1∑
l=0
(−1)lew2lt
)
=
w1−1∑
l=0
(−1)l
∫
Zp
e
(x1+w2x+
w2
w1
l)tw1dµ−1(x1)
=
∞∑
n=0
(
wn1
w1−1∑
l=0
(−1)lEn(w2x+
w2
w1
l)
)
tn
n!
.
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On the other hand,
(32)
I∗ =
(
ew1w2xt
2
∫
Zp
ew2x2tdµ−1(x2)
)(
2
∫
Zp
ew1x1tdµ−1(x1)∫
Zp
ew1w2xtdµ−1(x)
)
=
(
1
2
∫
Zp
ew2x2tdµ−1(x2)
)(
2
w2−1∑
l=0
(−1)le
(w1x+
w1
w2
l)w2t
)
=
w2−1∑
l=0
(−1)l
∫
Zp
e
(x2+w1x+
w1
w2
l)tw2dµ−1(x2)
=
∞∑
n=0
(
wn2
w2−1∑
l=0
(−1)lEn(w1x+
w1
w2
l)
)
tn
n!
.
By comparing the coefficients on the both sides of (31) and (32), we obtain the
following theorem.
Theorem 7. Let w1, w2(∈ N) be odd and let n ≥ 0. Then we have
wn1
w1−1∑
l=0
(−1)lEn(w2x+
w2
w1
l) = wn2
w2−1∑
l=0
(−1)lEn(w1x+
w1
w2
l).
Setting w2 = 1 in Theorem 7, we get the multiplication theorem for the Euler
polynomials as follows:
En(w1x) = w
n
1
w1−1∑
l=0
(−1)lEn(x+
l
w1
).
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